By Tom Hull, professor at Mermrimack College

Pentagon-Hexagon Zig-Zag (PHiZZ) Unit

Over the past several years I've been playing with a certain member of the Zig-Zag
family of modular origami units. Zig-Zag units are modular origami folds whose locking
mechanism is based on an accordion pleat. That is, you accordion pleat a square,
typically into 4ths or 3rds, making a rectangle. The short ends of the rectangle become
the flaps, and the layers at the sides created by the accordion folds become the
pockets. Of course, other folds in the rectangle are needed to make the flaps hook and
stay, but that's the basic concept. Lots of modular origami units exist that fall into this
category, units by creators such as Robert Neale, Lewis Simon, Jeannine Mosely, and
Jun Maekawa, just to name a few.

The unit I've been using extensively is what | call the pentagon-hexagon zig-zag unit
(or PHIZZ unit). | call it this because you can use it to make any polyhedron that

» is cubic - each corner of the polyhedron has three edges meeting it, and
» has only pentagon and hexagon faces (the faces need not be regular).

(Of course, you can break these rules in various ways, say, by making square faces.
But the units tend to buckle when forced to do this. Or you could make the vertices
have degree 4 (I know of two ways you can do this), and that's interesting too. But for
this exposition I'll just stick to the above rules.)

The unit itself is very simple, and the first thing | made with it was a dodecahedron. But
then I noticed that the locking mechanism in this unit is particularly strong, allowing one
to make much larger structures. Thus began my quest to see exactly what other
polyhedra you could make with this unit and, later on, how to properly 3-color them.

But first let's see how to fold and lock the PHIZZ units together

How to make the PHiZZ unit

(1) Take a square piece of paper, white side up, and accordion pleat it into fourths.
(2) Fold the top left corner down.

(3) Fold the right end of the strip down to meet the folded edges.

(4) Now fold the strip up, making the bottom flush.

(5) Fold the strip down to the right.
(6) Mountain-fold the upper right corner behind, and you're done with one unit!

Putting the units together



(1) Slide the end of one unit into the side of another, as shown. The flap should go in
between the layers of paper, and crease lines should line up.

(2) It takes three units to make a "corner” of the polyhedron. Slide the third unit into the
second unit, and slide the first into the third.

(3) This is what you should see. Notice how exactly half of each unit was used to make
this "pyramid." Continue adding units to this to make your polyhedron.

Adding units to your first three will begin to make a polyhedron, where each unit
represents an edge of the polyhedron. Thus, the polyhedra made from this unit will
look like polyhedral "frames"where only the edges are visible. The above object is a
dodecahedron made from 30 pentagon-hexagon Z-units. It is the smallest structure
that can be made from this unit. To make it, keep adding units on to your first three, but
when you see five units going around a face, link them up to complete the face. This
will make each face a pentagon, and will give you a dodecahedron.

There are many different structures that can be made from this unit. In the next few
weeks (or months??) | hope to add more to these pages about how to make bigger
things and how many units it takes. | also have been exploring different ways you can
color them. Until | write more about these subjects, think about the following exercises:

(1) Make a soccer ball, aka truncated icosahedron, aka Buckminster fullerene, aka C60
molecule from this unit. [t requires 90 units.

(2) If 90 units is too scary for you, use 36 units to make a polyhedron with 12 pentagon
faces and 2 hexagon faces. Is this polyhedron regular?

(3) Make these objects using only three different colors, so that no two units of the
same color touch. This is called a proper 3-edge coloring of the polyhedron.
Figuring out where to put the colors is a puzzle, but not too hard, for the dodecahedron
and the object in (2). But for the soccer ball it is quite a challenge!

Click on http://web.merrimack.edu/~thull/combgeom/bucky/buckynotes.html for more
info on making large Buckyballs!

These pages Copyright &copy 1998-2000 by Thomas Hull
Email: thull@merrimack.edu
http://web.merrimack.edu/~thull/OrigamiMath. html
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Notes on Buckyballs -- Part 2

The first Part of the Buckyball notes describes a class of Buckyballs, which I'm
calling the pentagons pointing-in, or PPI family, where the "tiles" that
correspond to the faces of the icosahedron are made by triangulating each face
of the icosahedron and taking the dual. But we noticed that the classic
spherical Buckyball known as the soccer ball (or truncated icosahedron) does
NOT fit into this family! Thus there are other Buckyballs out there. What are
they? How can we find them?

First let's look at what the dual of the soccer ball really looks like:
vertices of
degree 5

dual

Clearly this dual is not just an icosahedron with triangulated faces. The
arrangement of triangles in between three near-by vertices of degree 5 is more
complicated. This can be examined more closely by looking at what a “tile" of
neighboring pentagons looks like on the soccer bali:

dual

—_—

Hmmm ... This tile has the pentagons "pointing-out", whereas in the tiles for
the other Buckyballs we've seen the pentagons are pointing-in. This suggests a
different class of Buckyballs, which I like to call the pentagons pointing-out
(PPO) family. Indeed, arranging more hexagons in between the pentagons
gives you bigger tiles, and thus bigger PPO spherical Buckyballs.

dual

The above tile is the next largest one in the PPO family, after the soccer ball.
The soccer ball requires 90 PHIiZZ units to create. The above tile takes 360
units to make into a spherical Buckyball.
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Exercise: In the PPI family, let n=1 be the dodecahedron (which has 30 edges,
thus needing 30 units to make) and n=2 be the next one in this family (which
we saw in Part 1, having 120 edges). Find a formula in terms of n for the
number of edges in the nth member of the PPI family.

Then let n=1 be the soccer ball in the PPO family, and n=2 be the next biggest
one, whose tile is shown about. (360 edges.) Find a formula in terms of n for
the number of edges in the nth member of the PPO family.

But is this it?? Do all spherical Buckyballs fit into either the PPI family or the
PPO family? The answer is NO! Having the pentagons "pointing in" and
"pointing out" are only two possibilities. We can actually rotate each pentagon
a little bit and create other families of spherical Buckyballs! But is there any
way to classify these? You betchal

More to come...
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Notes on Spherical Buckyballs -- Part 1

In Assignment 1 you learned how to make a dodecahedron using PHiZZ units.
There are many other polyhedra that you can make from this unit, and these
notes discuss a large class of fun things you can make: spherical Buckyballs!

As mentioned in the instructions for makin the PHiZZ unit this unit can
make polyhedra with only pentagon and hexagon faces. Such faces are made
using "rings" of PHIiZZ units locked together, as shown below.

Pentagon ring, does not lie flat Hexagon ring, does lie flat
(positive curva ture) {ze 10 curvature)

So what kind of polyhedra are there that have only pentagon and hexagon
faces? Actually, such polyhedra are called Buckyballs or sometimes
fullerenes, named after the artist-architect Buckminster Fuller. Such
polyhedra were popularized by chemists in the early 1980s because they
describe the molecular structure of various carbon molecules.

Fun Project Idea! Write a paper on how Buckyballs can be found in
molecules that occur in nature. Does studying Buckyballs using graph theory
help the chemists understand them better?

Before we go too much further, let's define Buckyballs formally.

Definition: A Buckyball is a polyhedron with two properties: (1) every face
is either a pentagon or a hexagon and (2) each vertex has degree 3.

Exercise: Use Euler's Formula to prove that every Buckyball must have
exactly 12 pentagon faces.

That exercise is very surprising! It says that no matter how big a Buckyball we
make, we MUST have 12 pentagons, no more, no less. However, we
apparently can have as many hexagons as we like.

Definition: A Buckyball is called a spherical Buckyball if its 12 pentagon
faces are evenly-spaced on the surface of the Buckyball.

That definition might not seem very rigorous, but it'll do for now. Spherical
Buckyballs are also known as geodesic spheres or geodesic domes. The
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Epl;;ot Center dome, for example, is a spherical Buckyball. So is the soccer
all:

Exercise: Draw the planar graph of the soccer ball!

We still don't know how we can even think about inserting more hexagons in
between the pentagons to make bigger and bigger spherical Buckyballs. There
are many ways to do this, and all of them use the fact that the dual of the
dodecahedron is the icosahedron.

, , it's dual, the dodecahedron has 20

the icosahedron has 20 triangle faces vertices. each with degree three
That is, we can think of the dodecahedron as the "simplest" Buckyball - all
pentagons and no hexagons. To make bigger spherical Buckyballs we'd like to
spread the pentagons apart from one another and insert hexagons in between
them. HOWEVER, because of the dual nature of the icosahedron and the
dodecahedron, we can think of the pentagons as corresponding to the vertices
of the icosahedron. If we keep this in mind as we space the pentagons apart, it
might help us keep the pentagons “exggl‘_xnspaced."

So the important thing to realize is this: Each pentagon face of the
dodecahedron came from a vertex of the icosahedron. Hmmm ... maybe if we
play with the icosahedron a little it can give us larger Buckyballs when we
take the dual. This, indeed, is a strategy that works.

Here is what we'll do: take each triangle face of the icosahedron and subdivide
it into four smaller triangles, like so...
subdivide

3/17/00 2:56 P!
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To the right is shown what the icosahedron looks
like when we subdivide each of its faces in this
way. Now, this creates new vertices, but notice
that all the vertices have either degree 5 or degree
6. This means that the dual, shown to the lower
right, will have only pentagon and hexagon faces.

Furthermore, the only vertices of degree 5 in the

subdivided icosahedron are the original corners of

the icosahedron, before we subdivided it. This dual
means that the pentagons in the dual will be

"spread out" evenly, because the corners of the

icosahedron are evenly spread out. Thus we do

indeed get a spherical Buckyball when we do all

this. (Note: this is not the soccer ball! We'll get to

that later.)

Also, this construction gives us an easy way to

understand the structure of the Buckyball. Each

triangle side of the icosahedron was subdivided,

giving us a "piece", or tile of what the whole

subdivided icosahedron looks like. The dual of this piece gives us a tile of
what this Buckyball looks like, shown below

dual

These tiles are of great help when trying to construct such Buckyballs using
PHIZZ units. You don't have to keep the whole polyhedra in your mind at
once. Rather, you can start by making one "piece" and then adding another
"piece” to that, and another, and another, keeping in mind that each "piece"
corresponds to a triangle face of the icosahedron. The only polyhedral
structures that you have to keep in your mind are the icosahedron and one of
these tiles!

Try it. This Buckyball has 120 edges, which means that you'll need 120 units
to make it. Later, we'll use these tiles as a tool for coloring the units properly
with only three colors, but even when made using all one color this object is
quite stunning!

Larger and larger Buckyballs can be made using this subdivision method. If we
subdivide each triangle of the icosahedron into nine smaller triangles (you do
this by dividing each side of the original triangle into thirds, as opposed to
halves like we did before), you get the following tiles:
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dual

L AV AY4 AY

Again, you don't have to know exactly what the whole structure looks like to
make this larger Buckyball. Each tile looks like the configuration of pentagons
and hexagons to the above right, and each piece corresponds to a face of the
icosahedron, where the pentagons are fixed at the corners of the icosahedron.
This one takes 270 units. Below is a picture of what this Buckyball looks like,
made from 270 PhiZZ units.

But also notice how in each of these tiles the pentagons are "pointing-in". That
is, they're rotated so that one corner points in towards the center of the tile.
For this reason, I like to refer to this family of Buckyballs as the pentagons
pointing-in, or PPI family of spherical Buckyballs.

The saga of all this continues in Part 2 of these Buckyball notes!

Return to Combinatorial Geomet Pa e

http://chasm.merrimack.edu/~thull/combgeom/bucky/buckyr.
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Notes on Spherical and Convex Polyhedral
Geometry

Note that we explored spherical geometry in class by drawing "straight lines"
on oranges. We saw that on a sphere straight lines are actually great circles.
By messing around with our oranges and our magic markers, we managed to
discover the following:

Theorem: On a sphere of radius r, the area of a wedge made by two
intersecting lines with internal angles o is

202

The proof we gave of the above Theorem wasn't very rigorous. It might make
a neat project for someone to find a down-and-dirty proof of this, either on
their own or in a book somewhere.

Theorem: The area of a spherical triangle with internal angles o 1> 95, and
< on a sphere of radius r is

(0t1+et +a3-m)r2

2
We did prove this one rigorously! And it was fun too, wasn't it?

In general, we can get a similar formula for the area of any spherical polygon,
whish is called the spherical excess formula:

Spherical Excess Formula: The area of an n-sided spherical polygon with
internal angles o |, 2> 3, ... & ona sphere of radius r is

(Cil + (::2+ ct3+,,_ + ctn-(n-z) :n)r2
How would you prove this? Is it hard? Easy?
For more fun things to think about spherical geometry, see the book

Experiencing Geometry on the Plane and Sphere by David Henderson,
Prentice Hall, 1996.

The pointyness of a corner

We then turned our attention to exploring the differences between plane
angles (angles drawn in the x-y plane) and solid angles (3D angles, like the
corner of a cube or a corner of any polyhedron). Plane angles are measured in
either degrees of radians. But how do we measure solid angles?

One way is to measure the solid angle's deficiency. This is the "gap" left over
if we flatten the solid angle out after cutting along one of its edges. More
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technically, if a solid angle A is made up of plane angles A, Ay, .., A, then
The deficiency of A =27 - (A + A, + .. +A)).

(Note: That's supposed to be "2 times pi", not "2 raised-to-the-pi". You gotta
love these wac  if ima es!!

nf2=90°
#xi15=36°

The deficiency of a cube is 90 degrees at a corner, and
the deficiency of a dodecahedron is 36 degrees at a corner.

Another way to measure solid angles, called the solid angle measure, is
analagous to the way plane angles are measured in radians. For radians, we
take the given angle we wish to measure and center at the angle a circle of
radius one. The length of the arc that the angle cuts out of the circle is called
the radian measure of the angle.

’-l-\—\

ra
rad:l}r
\
\ ,

S

So why can't we do the same thing with solid angles? Indeed, we can! Take
your favorite solid angle and center a sphere of radius one at the corner. The
solid angle will "cut out" a spherical polygon from the sphere, and the area of
this spherical polygon is called the measure of this solid angle. (Instead of
radians, the units used for solid angles are called steradians.)

rad=1]
J/
,_-""“r,- teea

The area of the gray spherical triangle is the measure of the solid angle.

Now perhaps you can see the connection between spherical geometry and
polyhedra! If we want to measure a solid angle we'll need to use the spherical
excess formula. But what will the interior angles of the spherical polygon be?
Because the solid angle is positioned at the center of the sphere, the edges of
the solid angle will intersect the sphere at right angles. Thus the interior angles
of the spherical polygon will be the same as the angles between the planes of
the solid angle! That's a mouthful. We need a definition.

Definition: A 3D solid angle contains two types of ordinary, plane angles:
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1. The plane angles which are the angles, based at the corner, of each
plane face of the solid angle, and

2. The dihedral angles which are the angles between two adjacent planes
of the solid angle.

A, B, and C are plane angles, while D is a dihedral angle.

Dihedral angles can be tricky to visualize. You measure the dihedral angle
between two planes, P1 and P2, of a solid angle by inserting a plane that is
perpendicular to the edge between P1 and P2, and then measuring the 2D
angle that's cut out on this plane between P1 and P2. But the important
connection to make is:
the dihedral angles of a solid angle are equal to
the internal angles of the spherical polygon made when we measure the solid
angle.

Another concept that we can borrow from 2D plane geometry is that of
supplimentary angles. In 2D land, you can find the supplimentary angle of an
ordinary angle by drawing perpendicular lines from the sides of the angle,
seeing where they intersect, and measuring that angle.

In the above picture, angle B is the supplimentary angle of angle A. Notice
that an angle and its supplimentary angle are complimentary. That is, in the
above picture we have A + B = = or 180 degrees.

Exercise: Prove that for any polygon, the sum of the supplimentary angles is
always 27| or 360 degrees. The below picture might help.
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So can we find supplimentary angles to solid angles in 3D land? You betcha!
We call them supplimentary solid angles.

Take a 3D solid angle. Instead of making perpendicular lines from each side,
we'll now have to make perpendicular planes from each side of the solid
angle. These will have to be arranged to meet at a point, and this is
gosh-darned hard to visualize! Hopefully the below picture will help.

Constructing a supplimentary solid angle. (You're looking into the solid angle
here.)

There are lots of things to say about supplimentary solid angles. The proofs of
the following facts are left for you! (Or will be done in class...)

* in the above picture, angles A + B = v or 180 degrees.
¢ The sum of the measures of the supplimentary angles at every corner of
a polyhedron always equals 47, or 720 degrees.

Wow! That last one is a doozy! But it should make sense, right? Think about
how the 2D case works.

Now it's time to put all sorts of pieces together and prove a BIG THEOREM!
Here are the pieces:

* The sum of all the supp. solid angles of the corners of a polyhedron = 4
o |

¢ The Spherical Excess Formula.

¢ The fact that the internal angles of spherical polygons that we get when
measuring solid angles are just the dihedral angles of the solid angle.
(Salad angle? ;)

¢ Angle B in the above picture is a dihedral angle of the supplimentary
solid angle shown, and we know B = o -A.

http://chasm.merrimack.edu/~thull/combgeom/convex/conve;
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* Angle A in the above picture is just one of the plane angles of the
original polyhedron!
* Plane angles are used to measure the deficiency of a solid angle.

In the mid 1600s, the philosopher and mathematican Rene Descartes put all
these pieces together and came up with a wild Theorem:

Descartes' Theorem: The sum of the deficiencies of the solid angles in a
polyhedron is always equal to 4.

Can you put the pieces together in the right order to prove this?

Descartes' Theorem is really fun. You can use it to give a different proof that
every Buckyball must have exactly 12 pentagon faces. (We'll do this in class.)
You can even use it to prove Euler's Formula for polyhedra! Hot dang!

Interesting Project Idea: There are a number of web pages that also have
tutorials on spherical, and convex polyhedral geometry. For example, look at
htt ://www.inetarena.com/~ dx4d/ocn/limits0.html titled Descartes' Deficit.
What is this web page trying to say? Is it making any sense? What about other
web pages that you can find? Remember: not everything you read on the web
is true. (Including, possibly, here!)
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Notes on How to do Proofs!

Hey! The following are brief notes on the various techniques on how to prove
things. This is basically a review of the proofs you learned in Discrete Math,
so you might want to look back at your Discrete Math textbook for help.

Basics

Firstly, every theorem that you encounter will be of the form IF .... blah blah
... THEN ... bleh bleh.

The "blah blah" part is called the hypothesis and the "bleh bleh" is called the
conclusion.

Direct Proof

This is the straight-forward way of proving things. You assume that the
hypothesis is true and try to show, using logic, facts, and things we already
know, that the conclusion is also true.

Example: Prove that the sum of two even numbers is always even.

If this were a problem, say, given to you in homework, then the first thing you
should do is re-write it as an IF ... THEN ... statement. While you're at it, is
can be a BIG help to give names to variables and such. Here's how I would do
it:

Theorem: If x and y are two even integers then x+y is also even.
Proof: Assume the hypothesis is true, that is, let x and y be even numbers.
This means, by the definition of even integer, that x=2a for some integer a,
and y=2b for some integer b. Therefore,

x+y=2a+2b=2(a+b)

And look! 2(a + b) is satisfies the definition of being an even number! (That is,

it's 2 times some integer.) Thus x + y is even, and the conclusion is true.
QED.

Proof by Contradiction

This is a very useful proof technique. You prove something by contradiction
by supposing that the theorem wasn't true and showing that this is
impossible. In other words, if your theorem is an "IF p THEN q" statement,
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you want to suppose that this statement isn't true, which literally means that p
must be TRUE and q must be FALSE. (Recall that this is the only way that
the implication "IF p THEN q" can be false.)

Example: Prove that the sum of two even numbers is always even.
This time let's do a proof by contradiction! We set it up like we did before.

Theorem: If x and y are two even integers then x+y is also even.
Proof by contradiction: Assume the hypothesis is true. That is, let x and y be
two even integers. Suppose, for the sake of contradiction, that x+y were not
even. This means that x+y must be an odd number, since every integer is either
even or odd. By the definition of what it means to be an odd integer, we have
that x+y = 2¢ + 1 for some integer c.
Now, since x and y are even, we know that x=2a and y=2b for some integers a
and b. Thus on one hand we have

x+ty=2a+2b=2(a+b)
And on the other hand we have

xty=2c+1

Therefore 2¢ + 1 = 2(a + b), which is impossible because an even number can't
equal an odd number! Therefore our supposition that x+y was odd can't be
true. Thus x+y must be even. Q.E.D.

Notice that the direct proof of this Theorem was a bit shorter. That doesn't
always happen - sometimes a contradiction proof will be shorter. It just goes
to show that it isn't always easy to find the "shortest possible" proof!

Proof by Contrapositive

In this proof technique you use the help of a bit of logical sneakery. Recall
from what you learned in locig that the statement "IF p THEN q" is logically
equivalent to the statement "IF not(q) THEN not(p)." Thus, if you prove one
statement, then you've proven the other! And in some cases it's actually easier
to prove "IF not(q) THEN not(p)."

Example: Given a graph with more than one vertex, show that if the graph is
connected then it must have no vertices of degree zero.

This is pretty easy to prove directly, but let's see what a contrapositive proof
would be like.

Proof by contrapositive: We are given a graph G with more than one vertex.
Using the contrapositive, let us assume that G does have at least one vertex, v,
of degree zero. (Thus, no edges are coming out of v.) We need to prove that
G must not be a connected graph. (That is, we want to show that G is not
all-one-piece.)

Since v has no edges coming out of it, it isn't connected to any other vertices
in G. But we also know that G has more than one vertex! Thus there most be

http://chasm.merrimack.edu/~thull/combgeom/pro.
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at least two disconnected components in G - one with v in it, all alone, and
another component with other vertices in G. Thus G is not all-one-piece, and
is disconnected. By the contrapositive, we have also shown that the original
Theorem is also true. Q.E.D.

Proof by Exhaustion

This is a special kind of direct proof, where we break the possibilities down
into several cases, and prove them one-by-one. We call it "exhaustion"
because sometimes there are many cases and it can take a long time!

We will see an example of this when we prove that there are only 5 Platonic
solids.

Proof by Induction

This is the classic "line up the dominoes, knock the first one down, and all the
other dominoes will fall too!" style of proof. It can be very powerful when
proving Theorems where some part of the statement is controlled by a positive
integer. In particular, Theorems having to do with graphs have all sorts of
integers in them! For example, you could try to do "induction" on the number
of vertices in the graph. Or you could do induction on the number of edges.

To review, the basic Induction Principle is this:

Induction Principle: If P(n) is a statement with an integer parameter n and
the following two conditions hold:

o P(1)is true.
¢ For n greater than or equal to 1, If P(n) is true then P(n+1) must also be
true.

then P(n) is true for every positive number n.
Now, in Discrete Math you saw how to use induction to prove formulas, like
this:

1+2+3+4+ ... +n=n(nt+1)/2
But in this class we'll be using induction to prove more "abstract" things.
Here's an example:

Pizza Example: Find the maximum number of pieces (not necessarilty equally
sized) that you can cut a pizza into by using n straight cuts.

We'll talk about this in class, but here's the Theorem that this problem results
in;

Theorem: If you make n straight cuts across a pizza, the most number of
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pieces the pizza will be cut into is n(n+1)/2 + 1.

Proof by induction: We'll be doing induction on the number of cuts, n.

The base case is when n=1, which cuts the pizza into two pieces, which

satsifies the formula. Cool.

Now, for the induction step we will assume that the case P(n) is true, that is,

we assume that if we make n cuts into a pizza then we can get n(n+1)/2 + 1

pieces.

We want to show that P(n+1) is true, that is, if we make n+1 cuts into a pizza

then we can get (n+1)(n+2)/2 + 1 pieces.

OK, so we have the pizza, and we're about to make n+1 cuts to get the most

pieces possible. First let's make n of the cuts, and by the induction hypothesis

(IHOP) we know that this will give us a max of n(n+1)/2 + 1 pieces.

Now we want to make the n+1 cut, and we want it to create as many new

pieces as possible. We will accomplish this if the n+1 cut crosses all of the

previous n cuts in different places - that is, it doesn't cut through a point where

two previous cuts meet. And if this cut crosses n other cuts, it will create n+1

new pieces, right? (It starts off cutting a single piece into two, then crosses a

cut line, where it cuts a second piece in two, then crosses a second cut line,

etc., until it crosses to the other side of the pizza, cutting the last piece it

encounters in two. That's one more new piece made than the cuts it crossed.

So if it crosses n cuts it'll make n+1 new pieces.)

In other words, we know that after making n+1 cuts the most number of

pieces we can get is the number we got before plus n+1 new pieces. That is,

number of pieces after n+1 cuts =n(n+1)/2+ 1+ (n+ 1)
=n(n+1)2+n+1+1=(n(ntl)+2n+2)/2+1=(n"2+3n+2)2+1
= (n+1)(n+2)/2 + 1
as desired! Therefore the Theorem is true by mathematical induction. Q.E.D.

Return to Combinatorial Geomet Pa e

http://chasm.merrimack.edu/~thull/combgeom/pro.
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By Tom Hull, professor at Merrimack College

v A323A mato = .
Notes on Graph Colorings

As we examine different types of polyhedra and different types of
combinatorial structures, the subject of colorings will arise and entertain us
all! By a coloring of a graph we mean an assignment of colors (which we
sometimes denote by numbers) to the various parts of the graph, like the
vertices, edges, or faces. It is usually implied that such colorings are proper
colorings, meaning that any pieces that touch must receive different colors.
To be more precise,

Definition: Let G be a graph. Then

* avertex coloring is an assignment of colors to the vertices of G,

* an edge coloring is an assignment of colors to the edges of G, and

* aface coloring is an assignment of colors to the faces of G, providing
that G is a planar graph.

Now, if we allow ourselves to use enough colors, then coming up with a
proper coloring of a graph can be very easy. The hard part is finding the
fewest number of colors we can use to color the vertices, edges, or faces of a
graph. In this vein we define,

Definition: A graph is k-vertex colorable if we can properly color the
vertices of the graph using only k different colors.
Similarly, we define k-edge colorable and k-face colorable.

Definition: The chromatic number of a graph G is the fewest number of
colors we can use to properly color the vertices of G. This number is denoted
X(G). (Actually, that's not supposed to be an X, it's supposed to be the Greek
letter chi, but T don't know how to get HTML to produce that character.
Sorry!) More formally, we can define

X(G) = min { k : G is k-vertex colorable }
We also sometimes talk about the edge-chromatic number, denoted by
X'(G).

Example: What is the chromatic number of the octahedron, O?

X(O) <=3

The above picture shows a proper 3-vertex coloring of the octahedron, and
therefore we know that X(0)<= 3. Also, there's no way that we could vertex
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color the octahedron with only 2 colors, because the triangles in this graph
require 3 colors at the very least! Thus we may conclude that X(0O)=3.

What follows is a listing of Theorems about graph colorings. Some will be
proven in class.

The Four Color Theorem: Every planar graph is 4-vertex colorable.

The Four Color Theorem (FCT) has a great history - it remained an open
conjecture for a hundred years until Appel, Hacken, and Koch proved it was
true by reducing it to almost 2000 subcases and writing a computer program
to check all these cases. Thus, while this Theorem is considered to be proven,
people still search for a shorter proof. It's also just, plain amazing that such a
simple-to-state Theorem would be so incredibly difficult to prove.

The FCT can be re-stated in many different ways. The following versions of
the FTC pertain to some of the colorings we've already explored in class:

Theorem: The following three statements are equivalent:

1. Every planar graph is 4-vertex colorable.
2. Every planar graph is 4-face colorable.
3. Every 2-edge connected cubic planar graph is 3-edge colorable.

Note: cubic means that every vertex has degree 3. 2-edge connected means
that in order to disconnect the graph you must remove at least 2 edges.

In other words, the 3-edge colorings that we've been making of the
dodecahedron and Buckyballs and various things using Sonobe units are
equivalent, in a sense, to 4-vertex colorings of general planar graphs. Weird!
Also, this allows us to appreciate how difficult 3-edge coloring cubic planar
graphs can be, since 4 coloring planar graphs can be very difficult.

The Two Color Theorem: A graph is 2-vertex colorable if and only if the
graph has no odd cycles.

Another way to state that is this: A graph is 2-vertex colorable if and only if it
is bipartite. This is very easy to prove, and we'll probably do it in class.

Of course, there is also a Three Color Theorem, but it's a little bit harder to
state. To see where it comes from, look at a class of graphs called wheels. A
wheel is a graph that consists of a cycle and one vertex in the "middle" which
is connected to all the vertices on the cycle. (See the picture below.) An odd
wheel is a wheel whose outer cycle is of odd length, and an even wheel has an
even cycle for the "rim."
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AnOdd Wheel An Even Wheel

Clearly even wheels have chromatic number 3 and odd wheels have chromatic
number 4. So it seems like odd wheel configurations definitely need to be
avoided if we want a graph to be 3-vertex colorable, right? Well, it turns out
that, for planar graphs at least, avoiding odd wheels is enough to guarantee 3
colorability!

The Three Color Theorem: A planar graph that has all triangle faces is
3-vertex colorable if and only if every vertex has even degree.

One direction of the proof of this Theorem is easy. (Which one?) The other
direction can be done in a really cool way by induction on the number of
vertices. Oooo!

Here's another good one, which is also REALLY hard to prove!

Gritzsch's Theorem: Every planar graph with no 3-cycles is 3-vertex
colorable. (That is, triangle-free planar graphs are 3-vertex colorable!)

There are many, many more coloring Theorems. A whole course could be
taught on graph colorings! But for now realize what we've learned about some
of the graphs we've been examining: Every cubic planar graph (that is 2-edge
connected) is 3-edge colorable. That is, we know that all those Buckyballs
that we've been making from PHIiZZ units can be properly 3-edge colored.
The question is HOW? Just because we know we can do it doesn't mean that
it's easy!

Exercise: What do these coloring Theorems say about how many colors we'll
need if we use Sonobe units to make "versions" of polyhedra? Will 3 colors
always be enough?
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a comparison between straight edge and compass
constructions and origami

In high school geometry students examine the types of geometrical operations
that can be performed by using only a straight edge and a compass (SE&C).
One learns how to draw a line connecting two points, how to draw circles,
how to bisect angles, how to draw perpendicular lines, etc. In fact, you may
remember that all SE&C constructions are a sequecne of steps, each of which
is one of the following (taken from What is Mathematics? by Courant and
Robbins, Oxford Univ. Press, New York, 1941):

* Given two points we can draw a line connecting them.

* Given two (nonparallel) lines we can locate their point of intersection.

* Given a point p and a length r we can draw a circle with radius r
centered at the point p.

* Given a circle we can locate its points of intersection with another circle
or line.

This list of axioms encompasses everything you can do with a SE&C. That is,
anything you do with a SE&C can be broken down into a sequence of the
above operations. Using this axiom list, one can begin to talk about things that
cannot be done using a SE&C. For example, students are traditionally told
that certain things are impossible to do with a SE&C, like trisecting an
arbitrary angle, or doubling the volume of a cube (i.e., constructing the cube
root of 2). Hearing this usually makes students spend hours and hours trying
to trisect an angle using SE&C (I know I did!), but alas, this really is
impossible. Unfortunately, proving that it is impossible requires some
high-level math, like abstract algebra, which is beyond the reach of most sane
adults. However, we can also make geometric constructions with origami,
using the side of the paper as the straight edge and folding up to an angle to
simulate a compass. Furthermore, trisecting angles and doubling cubes is
possible with origami! Seeing this can lead to a greater understanding of why
these things are impossible with SE&C, and is the main topic of this web
tutorial.

Huzita's Origami Axioms

Please note that paper folding can be quite complex! There are many intricate
paper folding maneuvers, and harnessing the power of origami through a list
of axioms, like we did above for SE&C, is tricky. ( Footnote 1) The
Italian-Japanese mathematician Humiaki Huzita has formulated what is
currently the most powerful known set of origami axioms (from his article,
"Understanding Geometry through Origami Axioms" in the Proceedings of the

hitp://web.merrimack.edu/~thull/geoconst. html

3/17/00 2:57 PM



Origami Geometric Constructions hitp://chasm.merrimack.edu/~thull/geoco

First International Conference on Origami in Education and Therapy
(COETY1), J. Smith ed., British Origami Society, 1992, pp. 37-70):

o (O1) Given two points p1 and p2 we can fold a =i -
line connecting them. e Pz
- m
¢ (02) Given two points p1 and p2 we can fold p1 n P
onto p2. /X\l
- ~
~ 2
 (03) Given two lines 11 and 12 we can fold line 11 h
onto 12. ___a.__
2
e (04) Given a point p1 and a line 11 we can make a fold | .
perpendicular to 11 passing through the point p1. !
I
=
f -
I
* (O5) Given two points pl and p2 and alinell we o M
can make a fold that places p1 onto 11 and passes = f
through the point p2. I -
e (06) Given two pointspl and h ! #02
p2 and two lines 11 and 12 we _ ’ ___g______
can make a fold that places p1 Iz

onto line 11 and places p2 onto
line 2.
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Huzita's axioms (O1)-(04) are rather simple, and it's easy to see that they are
operations that can also be done by a SE&C. (05) and (0O6), on the other
hand, take some getting used to. First let's look at (O5), which can also be
done using SE&C, but just what is this axiom doing?

Exercise for Axiom (05)

P2
\

\

\ %

K I4
\ p
\\ )
L,;’ AN P1 1:} 7/
Take a square piece of

h paper. Let the bottom 1

edge be 11 and take p1 to be a point in the middle
and close to I1. Then choose p2 to be anywhere on the left or right edge of the
square and perform axiom (05). Then choose a different p2. Repeat this 8 or
’ 9 times. What do you see?

Solution and moral of this exercise

Exercise for Axiom (O6)

Don't do this exercise until you've done the previous one! If you look closely,
axiom (O6) is just like (O5) but times two: In (O5) p1 is the focus and 11 is
the directrix of a parabola. In (O6) we have this again, but also p2 is the focus
and 12 is the directrix of another parabola!

Thus axiom (O6) solves the following problem: Given two parabolas drawn in
the plane, find a line that is tangent to both of them.

Exercise: Show that doing this is equivalent to solving a 3rd degree equation.

The solution is left to the reader, but note that it might require some algebraic
geometry.

Moral of the exercise: Axiom (06) can solve cubic equations. This is
something that SE&C cannot do. Further, the problems of trisecting angles
and doubling cubes all reduce to solving cubic equations. Thus axiom (06)
should allow us to solve these problems via origami. Indeed, it can!

How to Trisect an Angle via Folding

This method is by H. Abe (from "Trisection of angle by H. Abe" (in Japanese)

http//web.merrimack.edu/~thull/geoconst. html
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by K. Fusimi, in Science of Origami, a supplement to Saiensu (the Japanese
version of Scientific American), Oct. 1980, p. 8).

(1) Let the angle you want to trisect originate from
the lower left corner. Call this angle A. (Note that
here we assume that A is acute, but this method is
easily extendable to obtuse angles.) Make two
parallel, equidistant horizontal creases at the
bottom.

(2) Then perform axiom (06). Fold p1 onto L1

L
and p2 onto L2. This isn't easy to do! You may :
have to play with the paper in order to find the A
exact location for this fold. oo
\ Ly
\
A
P1
Lz, (3) With this folded, refold crease L1, now in its

# 2A new position, and extend it all the way up. This
"3 new crease, L3, is the crease we want. Unfold
step 2 and extend crease L3 to the lower left
corner (it should hit it!). The crease L3 will mark
the angle (2/3)A.

Exercise: Can you prove that this method works? That is, can you prove that
line L3 meets the lower left corner at an angle of (2/3)A?

Solution.
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How to double a cube via folding

"Doubling a cube" means doubling the volume of a given cube. The real
challenge for doing this is constructing a line with length equal to the cube
root of 2. This is a solution of a cubic equation, and thus we need to be able to
solve cubic equations to succeed. SE&C can't do it, but origami can.

Peter Messer has an amazingly elegant way to do this with paper folding.
(From Problem 1054, in Crux Mathematicorum, Vol. 12, No. 10, 1986, pp.
284-285)

f First fold a T
Lz / square into
/ thirds. (There
/ are
/ mathematically 7~
/ * P2 accurate ways &
Ly / of doing this, ¥
! but we'll skip
' that) Let p1, —
p2 and L1, L2 be as shown, and perform axiom (06). Denote lengths X and
Y where the point p1 lands on line L1. Then the ratio X/Y is the desired
number, the cube root of two.

X_
7 =2

The proof of this is left to the reader!

These are just a few examples of how axiom (06) can be used to perform
complicated constructions. There are many more, and readers encouraged to
experiment and discover their own!

This tutorial is only an introduction to the subject of origami geometric
constructions. For a more rigorous development, see the original articles by
Humiaki Huzita and Robert Geretschlager (referenced in the origami geometry
section of the Origami Math Bibliography). Although for a complete
understanding of these concepts the reader should investigate any of the
numerous writings on SE&C constructions, for example Chapter III in What is
Mathematics? by Courant and Robbins (Oxford Univ. Press, New York,

1941) or Chapter 7.5 in 4 First Course in Abstract Algebra, Fifth Ed. by
Fraleigh (Addison Wesley, Reading, 1994).

There is a more historical context in which we can view origami constructions.
Although SE&C is not enough to trisect angles, one can trisect angles if we
allow ourselves to use a ruled straight edge. In classic SE&C constructions
the straight edge is used only to make a straight line, but mathematicians as far
back as Archimedes (see Courant and Robbins, What is Mathematics?, p.

138) knew that if two marks were made on the straight edge (for measuring)
then trisections could be performed. In this view it makes perfect sense that
origami constructions allow things like trisections, since the straight edge of
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the paper could easily be "ruled" by pinching the 1/2, 1/4, 1/8, ... divisions
along the side. Yet so far no detailed comparison between origami
constructions and ruled SE&C constructions has been made.

Also, we do not know if Huzita's axiom list is complete! Might there exist
some other folding operation that would allow us to solve equations of degree
5 or higher? The general consensus seems to be that no such "7th axiom"
exists, but no one has proven this.

Back to Ori ami Math a es
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riga
Email: helena boole.berkele .edu

Sonm eNo

.........................................................................

Below is the unit which Kazuyo showed me. Above is the capped icosahedron which she made for me
from this unit; you need to make about 30 units for this, but you only need six if you want to make a
cube.

Since this must be very well known, (well, two people knew about it here amongst the set of people I sit

next to in lectures, and another "random" friend already knew it), I'm only putting a very brief picture of
how to make it. The second line is just trying to explain better the last step in the first line.
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But I am putting a picture of how to make it, since though it might be well known to some people, it
wasn't well known to me! '

Just in case you want more details than above, you can find some more diagams here and here. For the
model pictured above, you need to make 30 units. Start off by putting groups of three together to make
the "bumps"; then work out how to put 5 "bumps" together, and so on. (I may add more details
sometime.)

Now I've discovered that this is the Sonobe Module, which is attributed to Mitsonobu Sonobe. Hopefully
I'll find out more about it soon.

Kazuyo first showed me a kind of stellated icosohedron made from this unit; and there are lots more
things to be made from it. I've been playing with working out what kinds of nice ways are there to

arrange coloured peices to make the stellated icosphedron; eg, if I take six different colours of paper,
what kinds of nice ways can I use them to get patterns with lots of symmetry?

Sonobe links

¢ M. Mukho adh a 's Sonobe creations
e Also try links from Jim Plank's ori ami web a es.

Last updated 98.9.26, Monday, 16.32 EDT.

*Home Pa e

These web pages reside on the computer of
William Stein
of UC Berkele Mathematics D artment
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S & €

This page describes how to make the model shown on page htt ://boole.berkele .edu/~helena/sonobe/.
Note, if you click on any of the images, you'll get a larger picture of the same thing, in case you want to
see more detail.

You'll need thirty units. Once they are made, crease them in the directions shown.

First put five together. The first picture shows five that have to go together. The second shows what it
would look like if they are placed together but not locked in place. Then the next few show how to lock
them together.

Next add five more units round the edges. Each added unit will make a kind of pyramid shape form.
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Here's the first one going in place:

The rest of them go round in these places, and are locked in place:

A couple more views of it at this stage:

Now there are places where five units should come togehter, if you have only three so far, you need to
add two more, so five come together at that vertex, as in this example; you need to go round and do this
five times:

Here are a few views of what we've got so far:
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Go round completing the 'pyramids' (or 'bumps'), eg, here we add a pale blue unit between the pink and
slightly darker pale blue unit:

Turn the model slightly, and repeat, adding a green unit between the yellow and pink units:

In other places you need to make five come together. Here, there are four units, and one more, the pink
one added, will complete this vertex:

Finally, we just need to add a few last units and tuck the flaps in place to complete the model-
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THE END

If you have questions or comments: Email: Helena. Verrill home.ivm.de

Last updated 98.9.26, Monday, 16.26 EDT.

These web pages reside on the computer of
William Stein
of UC Berkele Mathematics D artment
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