2.15 SOMA and Friends

Contributed by Dave Auckly and Stan Isaacs

Short Description: The SOMA cube is a puzzle with seven different pieces.
The goal is to create a 3 x 3 x 3 cube using all of the pieces. It is difficult to
solve by random tinkering, but using a few observations from some of the other
tiling sessions makes the puzzle easier to solve. In this session, students will
make and then solve a fun puzzle. A shorter version would just have students
solve the puzzle.

Materials: Collect a number of variants of the SOMA puzzle before the session.
In addition to the original SOMA puzzle, Coffin’s Quartet, Bram Cohen’s Best
5, Best 6 and Best 7 puzzles are reasonable to include. A collection of 9/16
inch wood cubes or 1 inch wood cubes is a nice addition. Such cubes may be
found at many craft stores. Tape is the fastest way to put the cubes together,
glue is more permanent. A good solution is to have the students tape the cubes
for the math session, then glue them later. It is also possible to make cubes
using origami and connect them together. With 27 cubes for each student, each
student can leave with their own puzzle.

If you are going to prepare puzzles ahead of time for the students to analyze,
Coffin’s Quartet would be a good choice. It has a unique solution and a very
clean analysis. In fact all of the puzzles listed here have a unique solution (with
the exception of the original SOMA puzzle). All of the grid cube dissection
problems may be analyzed via questions (9) — (15) on the handout.

If you are having students make their own, there is a nice logic to the pieces of
the SOMA puzzle. Of course, you may have the students try all the puzzles here,
and make up their own via dissection, tilting and coloring. Send us descriptions
of any particularly nice puzzles your students invent.

References/Authorship: The SOMA Cube was invented by Piet Hein in the
1930’s. The tiles in the SOMA puzzle are three-dimensional generalizations of
a type of tiles known as polyominoes. The name polyomino was invented by S.
Golomb, [3]. There are many variants that lead to other puzzles. The original
SOMA puzzle has many solutions. Bram Cohen set out to make the most
difficult variants of the puzzle. He created the BEST 5, Best 6, and BEST
7 versions. Stan Isaacs is an avid puzzle collector, and has shared puzzles
with many people over the years. In particular he has taken puzzles to many
Julia Robinson Math Festivals, together with hand-outs describing the puzzles.
The book Winning Ways for Your Mathematical Plays contains an extensive
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discussion of all solutions to the SOMA puzzle [1]. This is a classic book with
many wonderful ideas to explore.

Mathematics Beneath & Beyond:

Counting is surprisingly useful. Determining the number of corners each piece
will fill goes a long way to solving such puzzles. Determining the number of
edge centers, face centers as well is very powerful. In fact, the method used
in conjunction with this counting — checkerboard coloring of the cells in a
large cube — has many applications, in particular, in the mathematical field
of combinatorics. (You might see other instances of this and other types of
coloring in Parity and Other Invariants script of this book.)

The notion of symmetry which plays an important role in analyzing the puzzles
is one of most fundamental ones in mathematics. Broadly speaking, a symme-
try or invariance preserves a certain property (e.g., geometric similarity) of an
object under some operation applied to the object. This notion of invariance is
formalized in an elegant branch of mathematics called group theory, which is
one of the powerful tools of modern mathematics. Thus familiarizing students
with the idea of symmetry and using it in the playful but useful way which
helps to solve concrete puzzles would go a long way for budding mathemati-
cians.

One more interesting piece of mathematics in the script is the use of math-
ematical induction in the solution to problem 3. This proof can enliven the
discussion with more advanced audience (but of course it can be omitted with
younger or not so well prepared students).
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SOMA and Friends Student Handout

In this session you will get to make your own puzzle. Of course you will then
be a bit tempted to solve it, and this session will provide hints to help.

1. A polyomino is made by attaching a finite number of squares together,
so that each square shares at least one full edge with a neighbor and the
whole group of squares makes a single piece. The pieces are named by
the number of squares in the piece:

e a domino has 2 squares;

a triomino has 3 squares;

e a tetromino has 4 squares;

a pentomino has 5 squares;

Notice that for larger numbers, it is possible to have holes in the pieces.
Also notice that any two squares of a polyomino are connected by a chain
of squares where adjacent squares share a full edge.

Now look at Figure 65. Is the left configuration a polyomino? Is the right
one? Why or why not?

e

SA SB SD SE

Figure 65: Polyomino and Non-polyomino

2. There are two different ways to consider polyominoes equivalent. One
way is to declare two polyominoes to be the same if one may be moved in
the plane to match the other without using reflections. This is called
orientation-preserving equivalence. On the other hand, the notion of
equivalence allows reflections. It is called congruence. Use four squares
to make a polyomino that looks like an L. Use four squares to make a
polyomino that looks like the Greek letter I'. Use four squares to make a
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polyomino that looks like a 7. Which of these are orientation-preserving
equivalent? Which of these are congruent?

3. Make a list of all polyominoes that may be made out of three squares. How
many are there? Now convert these into polyominoes made out of four
squares. Make each possibility up to orientation-preserving equivalence,
so your list will include two out of the three L, I' and 7 tiles. How many
polyominoes made out of four squares are there? You could continue to
ask how many could be made out of five, six, etc.

Note: It is possible to make many interesting shapes out of several polyomi-
noes. Given any such shape, you may trace the outline, and it becomes a puzzle
to figure out how to make the outlined shape from the given set of polyominoes.
You may make several such and share with your friends.

4. A solid polyomino is the analogue of the polyomino, except it is made
out of cubes. Make a 2 x 3 x 4 “brick” (a rectangular prism). Is it a
3D polyomino? A “brick” is any 3D polyomino which consists of multiple
layers, where all layers are the same rectangular shape.

5. Make all 3-cube solid polyominoes that are not bricks. How many are
there?

6. Make all 4-cube solid polyominoes that are not bricks. Consider two the
same if there is an orientation-preserving equivalence. How many are
there?

7. Which pieces are symmetric? Which have distinct mirror images?

8. If done right you will need exactly 27 wooden cubes to make all of the non-
brick 3-cube and 4-cube solid polyominoes up to orientation-preserving
equivalence. These are the SOMA pieces. Make these with wood cubes
and tape. (You may glue them together later.) The SOMA puzzle simply
asks you to assemble these into a 3 x 3 x 3 cube. Spend some time and try
to solve the SOMA puzzle before you continue. (The next page contains
a number of hints.)
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Note: When talking about the SOMA cube (and other 3 x 3 x 3 cube puzzles),
we will sometimes call the 3 x 3 x 3 cube the large cube (to distinguish it from
the small cubes, which we will call cells, and which make up pieces). The cells
at the vertices of the large cube we will call corners, the cells between two
corners we will call edges, the six cells in the center of each face we will call face
centers, and the very center of the large cube we will call the cube center (or
sometimes SOMA center).

9.
10.

11.

12.
13.

14.

15.

16.

How many corners does the large cube have?

Look at each of the SOMA pieces. Write the maximal number of corners
of the large cube the piece can fill. Write the minimal number of corners
of the large cube the piece can fill.

What is the largest number of corners the SOMA pieces can fill if they
all fill the most possible?

Where must the T' go? Why? (See Figure 65 to identify the T' piece.)

It is worth remembering (or solving) the classical checkerboard — domino
problem: Is it possible to remove two diagonally opposite corner squares
from a checkerboard and then tile the rest using dominoes? Hints:

(a) How many black squares are on the checkerboard after you remove
the opposite corners? How many white squares?

(b) When a domino is placed over two squares on a checkerboard, how
many black squares will it cover? How many white squares will it
cover?

(c) Explain to someone why this classical checkerboard — domino chal-
lenge has no solution.

Now imagine the large cube is colored like a 3-dimensional checkerboard
with each cell either black or white and no two adjacent cells the same
color. Are all the corners the same color? Edges? Face centers? Cube
center? How many black cells will you have? How many white cells?

Look at each piece. If you checkerboard the pieces with two colors, which
pieces have an equal number of cells of each color, which have different
numbers?

If the T piece fills two corners, to get the correct number of black and
white cells and the correct number of corners what can you say about the
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placement of the Y piece? (The Y piece is the one that looks like three
cells meeting at a corner, and is one of the pieces that require two layers.)

17. Make a table listing the possible placements of each piece.

18. Can you guess how many solutions there are in total for the SOMA cube?
It would be possible to write a computer program to list all of the solu-
tions.

There are MANY ways to dissect a cube into pieces like the SOMA cube, giving
very many possible puzzles. Some are more difficult than SOMA, and some are
easier. Some have a single solution, while others (like the SOMA) have many
solutions. And, of course, you could make pieces for a 4 x 4 x 4 cube or even
larger. To describe some of these we introduce a bit of terminology. When the
set of n? cells in a n x n x n cube are partitioned into subsets (i.e., disjoint
collections of cells that fill the entire n x n x n cube) in such a way that each
subset is a solid polyomino, we call the result a grid dissection of the cube.

Several interesting grid dissection puzzles to analyze in the same way are
e C(offin’s Quartet

e Cohen’s BEST 5

e Cohen’s BEST 6

e Cohen’s BEST 7

e SOMA cube with replacements

e Tilted variants

e Colored/labeled variants

Coffin’s Quartet: This variant was designed by Stuart Coffin around 1975, [2].
Since the pieces interlock, they must be added in the correct order. Figure 66
displays the pieces in the Coffin cube. In this figure (as in the following figures
of cube grid dissection puzzles and variants) we put the cells of each piece in a
3 x 3 x 3 cube (though possibly not in the position it would be in a solution
to the puzzle) and then display three layers (Bottom, Middle, and Top) of the
large cube.

Cohen’s BEST 5, 6, and 7 The most mathematically pleasing puzzles would
not only have a solution, they would also have a unique solution for a given
number of pieces. Furthermore, the solution would be a bit surprising. Bram
Cohen set out to make the most difficult grid dissection puzzles of the large
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Bottom Middle Top Bottom Middle Top

Bottom Middle Top Bottom Middle Top

Figure 66: Coffin’s Quartet

cube. Each has a unique solution. The piece placements tend to be surprising
— not where the pieces seem to fit well.

Bottom Middle Bottom Middle Top
Bottom Middle Bottom Middle Top

Bottom Middle Top

Figure 67: Cohen’s BEST 5

SOMA with replacements: The SOMA Cube uses only non-convex pieces.
But you can replace either the triomino with a straight 3 x 1 x 1 brick (i.e.,
a straight row of three cells), or one of the tetromino pieces with a square
2 x 2 x 1 brick (four cells arranged in a square), or both the triomino and one
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Bottom Middle Top Bottom Middle Top

Bottom Middle Top Bottom Middle Top

Bottom Middle Top Bottom Middle Top

Figure 68: Cohen’s BEST 6

of the tetrominos at the same time. Most of those variations can still be solved,
but not all. Which ones?

Tilted variants: You can tilt the pieces and the whole cube, so the pieces
fit in fewer ways. In general pick three distances a, b, and ¢. Then make
two parallelograms with side lengths a and b, two with lengths b and ¢, and
two with lengths ¢ and a. These six parallelograms may be used as the faces
of a parallelopiped, and these parallelopipeds may be used in the say way the
cells are used in the other grid dissection puzzles. These may be made out
of card stock. The same arguments about corners and checkerboard coloring
parity apply, but many of the possibilities are eliminated. It is less clear how
to obtain extra information from the tilt to include in the analysis.

You can color the cells or apply other patterns, to limit the solutions. This will
not change the versions that already have a unique solution, but it will change
the versions that have multiple solutions by limiting the number of possibilities.
Here are several fun examples.

Number like a die: Put numbers on each exposed cell face of each piece so
that

1. Each small face on the same large face has the same number, which is one
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Bottom Middle Top Bottom Middle Top
Bottom Middle Top Bottom Middle Top
Bottom Middle Top Bottom Middle Top
Middle
Figure 69: Cohen’s BEST 7
of 1, ..., 6.

2. The numbers associated to opposite faces of the large cube add up to seven
and the numbers 1, 2, 3, cycle counter-clockwise around their common
vertex, just like the numbers on a regular die.

Number in a SUDUKO pattern: Put the numbers 1, ..., 9 on each exposed
cell face so that:

1. Each face of the large cube contains the numbers 1, ..., 9.

2. The numbers in any row through any face, and the continuation of this
row into the two adjacent faces contains the number 1, ..., 9.

Checkerboard version: Color the faces of each cell, so that when assembled,

the colors will make a 3D checkerboard pattern.
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SOMA and Friends Teacher Guide

Solutions:

1.

Square Sp is only connected to square Sg. Similarly square Sg is only
connected to square Sp. Thus there is no way to connect Sp to S by a
chain each meeting the other along full edges. Hence the tile on the right
is not a polyomino.

The L is orientation-preserving equivalent to the 7 as one can see by
rotating it 180°. The only way to make the I' match with one of the
others would be to make a reflection. This is possible via horizontal
reflection to make the L or vertical reflection to make the 7.

There are only two triominoes: a (tilted) V' such as the one shown in the
left of Figure 65, or the 1 x 3 rectangle. To see this, work up from the
bottom. There is only one 1-square polyomino — the square. To make a
2-square polyomino, there must be one square to begin, and the second
square must join it along an edge. This gives a 1 x 2 rectangle. Now build
up to the 3-square polyominoes. Any such must have two squares that
meet along an edge, so that makes a 1 x 2 rectangle. The third square
must then meet along one of the edges on the long side to give a V or
along a short edge to give a 1 x 3 rectangle.

We can construct any (n+ 1)-polyomino by adding a square to an edge of
some n-polyomino. This process is demonstrated for n = 3 in Figure 70
and the proof of this fact is below.

N

Figure 70: Making 4-polyominoes.
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Note that Figure 70 does not include reflected versions of the polyominoes.
Therefore, there are 7 different tetrominoes up to orientation-preserving
equivalence.

Proposition: Any (n + 1)-polyomino contains a k-polyomino for every k <
n+1.

Proof: We proceed by induction. It clearly contains a square, i.e. a 1-
polyomino. Now assume it contains a k-polyomino, P}, and consider a square
S in Py, and a square S’ that is not part of this k-polyomino. There must be
a chain of squares connecting S’ to S. The square in this chain closest to P
without being in P, must meet Pj in an edge. Adding this closest square gives
a (k + 1)-polyomino.

4. A 2 x 3 x 4 brick is a polyomino. Every pair of cubes are joined by a
chain of cubes meeting along full faces.

5. There is just one. It is a 3-dimensional version of the (tilted) V' shown in
the left of Figure 65.

6. There are six. We make them by considering ways to add a cube to the 3-
cube solid polyominoes, just as we did to make the 4-square polyominoes
above. The answer is displayed in the Figure 71.

|

z L T Y W RW

Figure 71: Making 4-cube SOMA blocks

7. The types of symmetry we’re concerned with are rotational symmetry and
mirror (or reflection) symmetry.

A piece has a rotational symmetry of order n (also called n-fold rotational
symmetry, or discrete rotational symmetry of the nth order), with respect
to a particular axis if rotation by an angle of 360°/n (180°, 120°, 90°,
72°, 60°, 360/7 = 51 3/7°, etc.) around this axis does not change the
object.

A piece has a mirror symmetry if there is a plane going through it which
divides it into two parts which are mirror images of one another.
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(a) The L piece has mirror symmetry relative to the plane through the
centers of all 4 cells. It does not have any rotational symmetry.

(b) The V piece has two mirror symmetries: one relative to the plane
through the centers of all 3 cells, and another one relative to the
plane which cuts the middle cell along the diagonal of its top square
and the edge which is the point of the V. It has 180° rotational
symmetry about the line orthogonal to the edge common to all 3
cells and going through the center of the middle cell.

(¢) The Z piece has mirror symmetry relative to the plane through
the centers of all 4 cells and 180° rotational symmetry about the
line orthogonal to that plane through the center of symmetry of the
cross-section.

(d) The T piece has reflection symmetry relative to the plane through
centers of all 4 cells and another one relative to the plane that bisects
the 2 middle cells and is orthogonal to the line through centers of
3 connected cells. It has 180° rotational symmetry about the line
through centers of the 2 middle cells.

(e) The Y piece has three planes of reflection and therefore three mir-
ror symmetries. A plane of reflection bisects any two adjacent cells
through the diagonal of the square between them and is going through
the point of intersection of all four cells. The piece has 60° rotational
symmetry about the central diagonal of the cell adjacent to 3 others
and going through the point of intersection of all 4 cells.

(f) The W and RW pieces do not have mirror symmetry (but they are
mirror images of one another). Each of them has 180° rotational
symmetry about the diagonal line that bisects the square between
the 2 pairs of adjacent cells and goes through the point of intersection
of all 4 cells.

8. Find one solution from https://en.wikipedia.org/wiki/Soma_cube in
Figure 72.

9. There are 8 corners.
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10.

11.

12.

13.

Figure 72: One SOMA Solution

The following table lists the possibilities.

Piece v Z L T 'Y W RW

Max corners | 1 1 2 2 1 1 1

Mincorners | 0O 0 0 O 0 O 0

The most corners is the total of the maximum each piece can fill, i.e. 9.

Since the 7' can only fill 2 or 0 corners, we know it must fill 2 otherwise
at most 7 corners could be filled. Thus the T lies along an edge filling
two corners!

(a) The checkerboard has 8 x 8 = 64 squares. Half of these or 32 are
black. If one of the corners is black, the opposite would also have

247



14.

15.

16.

17.

to be black. Removing these would leave 30 black squares and 32
white squares. we could also switch the numbers by removing a white
corner and its opposite.

(b) A domino would have to cover one white square and one black square.

(¢) The number of black squares covered would have to be the same as
the number of white squares covered by part (b), but the number of
black squares is different from the number of white squares, so they
can’t all be covered by dominoes.

All of the corners would have the same color. Let’s pick black. Then
all the edges would be white, all the face centers would be black, and
the center of the cube would be white. This gives 8 corners plus 6 face
centers for a total of 14 black cells. Since there are 3 x 3 x 3 = 27 cells,
the remaining 13 must be white.

The Z, L, W and RW pieces will all have two black and two white cells.
Thus these contribute a total of 4 x 2 = 8 black cells. Given the position
of the T', we know it must have 3 black cells and one white cell. We are
now up to a total of 8 +3 = 11 black cells. The Y may either have 3
black, or 1 black cell. The V' will have 2 black cells or 1 black cell.

If the Y piece fills 3 black cells, it would bring the total to 14, but the V'
would have to contribute at least one more and we would have too many
black cells. Thus the Y must fill 1 black cell. This means the V' would
have to fill 2 black cells.

It follows that the V' cannot fill a corner. Since the V' does not fill its
maximal number of corners, every other block must, so the Y must fill a

corner, and the corner must be the only black cell of the Y, so the center
of the Y.

Given any possible position for a piece, one could get other possible posi-
tions by rotating or reflecting the entire 3 x 3 x 3 cube. We will only list
one placement of each piece up to rotation.

T The only placement for a T is on a face of the cube with the “top” of
the T along an edge.

Y The Y has two possible placements — the center of the Y may be in
the corner of the cube, or an arm of the Y may be in the center of
the cube (filling one less than its maximal number of corners).
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L The L has two possible placements — on a face of the cube with
the “side” of the L along an edge (such could be reflected and then
counted as a third type of placement), or on a face of the cube with
just the foot in a corner (filling one less than its maximal number of
corners). The L cannot be in a position filling no corners. Can you
see why?

Z The Z has two possible placements — on a face of the cube (which
could be reflected and then counted as a third type of placement),
or passing through the center of the cube (filling one less than its
maximal number of corners).

V' The V has three possible placements — on a face with the “point” on
an edge of the cube, or in a central slice with the “point” on an edge
of the cube (filling no corners), or with the “point” in the center of
the entire cube (filling no corners).

W The W has four possible placements — two that hit a corner are
displayed in Figure 73, two that do not hit a corner are displayed in
Figure 74.

Figure 74: Placements for W Missing a Corner

RW The RW has four possible placements obtained by reflecting the
placements displayed in Figure 73 and Figure 74.

To list the possible positions of each piece, we can use a matrix with 0, 1
and 2 entries. Each column of the matrix will represent the coordinates
of the centers of one of the cells of the piece. Thus we could say that the
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T piece could sit at
00 00
00 01
01 2 1

Reading the columns, this would put one cube with center at (0,0,0),
one with center (0,0, 1), one with center (0,0,2) and one with center at
(0,1,1). Using symmetry we could list many more positions for the T'
piece. If we ignored the argument showing that the 7" had to fill two
corners we could also have a position such as

11
00
01

N O =

1
1
1

As stated above, we interpret the problem to mean, “describe up to sym-
metry all possible placements of each piece.” The only placement for the
T is to hit two corners:

00
0 0
01

N OO

0
1
1

The Y must have its center in a corner:

0 0 0 1

0010

01 0 0
The L must hit two corners:

00 0 O

0 01

01 2 0
The Z must hit one corner:

00 0 O

001 1

01 2 1

The W must hit one corner, but there are two ways to do this:

0001
001 1],
0100
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18.

and
11 2 1
11 2 2
1 0 00
The possibilities for the RW block are just the mirror images of the

possible positions of the W block. The corner of the V' block must hit a
face center or the cube center:

111
00 1],
010
or
111
11 2
111

As we already noticed, once one solution is found, the cube may be rotated
to get other solutions. Of course these solutions are not very different.
One may count the rotational symmetries of a cube as follows: There is a
90°, a 180°, and a 270° rotation about a line through the centers of each
pair of opposite faces, for a total of 3 x 3 =9 rotations. There is a 120°
and 240° rotation about a line through each pair of the opposite vertices
for 4 x 2 = 8 more. There is also a 180° rotation about a line through
the midpoints of each pair of opposite edges for additional 6 x 1 = 6
rotations. There is also the trivial 0° rotation. Thus the grand total is
948+ 6+ 1 = 24 rotations. Since the reflection of any SOMA piece is
also a SOMA piece (check it for every SOMA piece!), reflecting a solution
will give another solution.

One way to figure out the number of possible solutions to the SOMA puz-
zle is to write a computer program that checks all possible placements of
all of the pieces including changes by rotations and reflections. To record
the position of a piece one could start by using Cartesian coordinates to
label the centers of the cells of the 3 x 3 x 3 cube, say (x,y, z), with each
variable equal to 0, 1, or 2. In this case a list of three or four points would
record the placement of a given piece. We have had students write such
programs in the past, however this requires a high level of programming
ability. Many puzzles may be encoded and solved with a computer in
this way. There is a bit more discussion on this point at the end of this
section.
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Solving the problem on a computer is perhaps a bit unsatisfying. To
analyze all solutions by hand is a huge task, but is possible. Indeed John
Conway generated a list of all possible solutions by hand and recorded
it in a graphic he named the SOMAP. The keys to this analysis were
three observations. First, exactly one piece will cover the center of the
cube. Second, exactly one piece will fail to cover its maximal number of
corners. Third, given one solution (with just one exception) it is possible
to find a new solution by finding sub-configuration that may be made in
two different ways and switching it. Such a configuration is displayed in
Figure 75.

[

Figure 75: An Interesting Sub-configuration

Given this the procedure is to use the first and second observations to
find one solution, then use the third observation to generate many more
solutions. Once a list of solutions is generated, return to the first two
observations to argue that all solutions have been found.

In the end there are 240 solutions not counting those generated by re-
flection or rotation. After reflecting all of these there will be 480. After
rotating all of these there will be 480 x 24 = 11,520. This is all mapped
out in Winning Ways [1]. Repeating this is more than all but the most
ardent puzzler would wish to do. However, it is very reasonable to use
this method to analyze all solutions to the variants of SOMA that have a
unique solution.

Note: For a better understanding of the explanation given for Coffin’s
Quartet and all Cohen’s BEST puzzles it is advisable to have and make
use of actual models of the required pieces. Building such models would
be possible using Figures 66—-69.

Coffin’s Quartet: One of the four pieces consists of precisely seven unit
cubes. (It is the piece in the lower left of Figure 66.) The rest have
an even number of unit cubes. Following the checkerboard coloring of
problem (14), we see that each piece will fill the same number of black
cubes as white cubes, except the piece with seven units. Since there are
more black cubes than white cubes, this means the seven unit piece must
fill four black and three white spots. Thus the bulk of it (the portion
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represented by the center column in the “Bottom,” “Middle,” and “Top”
slice) is on a face. Now count the number of corners filled by the piece
with 7 unit cubes and the piece with 8 unit cubes. The answer is six.
Since the pieces with 6 unit cubes can fill at most one corner, we see
that each must fill one corner. This implies that the piece on the bottom
right of Figure 66 must also fill the center unit cube. There are two unit
cubes in this piece that can be the center. Each cube can be rotated in
24 different ways. This leaves a total of 48 cases to check. Putting this
piece next to the piece with 8 unit cubes, all but one case can be ruled
out. In many cases, the two would not even fit. In a few cases they do
fit, but the piece with 7 cubes could then not fit. Of the very few cases
that the 8 unit-cube piece, the bottom right piece and 7 unit-cube all fit,
only one will leave room for the final piece.

There is one more trick hidden Coffin’s Quartet. There is only one order
that the pieces may be added. The easiest way to see this is to assemble
the cube, then see which piece can be removed (only the 7 unit piece).
After this only the non-central 6 unit cube may be removed, then the
remaining pieces may be separated.

Figure 76: The Final Coffin

Cohen’s BEST 5:

To describe the solution, it helps to name the pieces. We name the Pieces
P1, P2, P3, P4 and P5. Referring to Figure 67, the piece names corre-
spond to the following positions:

Pl P2
P3 P4
P5

Analysis follows problems (9) — (15) from the SOMA hand-out. Start
with a count of the number of corners each piece can fill:
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Piece P1 P2 P3 P4 P5

Possible corners | 0,1,2 0,1,2 0,1 0,1,2 0,2

Since the maximum number of corners that could be filled is 9 and a cube
has 8, we conclude that P5 must fill two corners. Now Assume that P1
and P2 each occupy two corners. Then there are three cases, the edges
containing the corners these pieces touch are: a) in the same plane, b)
parallel, but not in the same plane, ¢) perpendicular or skew. Case a) is
impossible because all such configurations leave a single hole. Case b) is
impossible because once the center of the cube is filled, there will be a
hole that is too small for any other piece. Case ¢) is impossible because
after adding piece P4 to each such configuration in every possible way, we
see that there is no way to fit in the other two pieces.

We conclude that the assumption is false and one of P1 or P2 must touch
just one corner. These pieces are mirror images of each other. Assume
that the unit cube that is not in the plane of the other five unit cubes is
in the corner of the 3 x 3 x 3 cube. Now count the number of black cubes
(when colored as in problem (14) that are filled. Pieces P1 and P2 will
fill 8 black cubes. Piece P4 would fill 3 black cubes, and the remaining
two pieces would have to fill at least two black cubes, leading to a total of
15 black cubes, but there are only 14 black cubes. This means that this
second assumption is also false.

We conclude that one of P1 or P2 must fill exactly one corner via a unit
cube in the same plane as five unit cubes. (There is only one such unit
cube on each.) Now count the number of black cubes that are will be
filled. In total P1 and P2 fill 6 black cubes, and P4 fills 3 black cubes.
Fach of the other two pieces must fill at least 2 black cubes, so must fill
exactly 2 black cubes.

It follows that P5 must fill 2 corners and 3 edge spots. (This position
is unique up to symmetry.) Only P3 can fill the center cube, and there
are only two unit cubes in P3 that could be in the center and still have
only 2 black unit cubes on P3. Each of these may be rotated in 24
different orientations. One finds that the cube in P3 that shares a face
with three other cubes cannot be in the center. From this point only one
of the remaining 24 orientations can work. The solution is displayed in
Figure 77.
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Figure 77: The Best 5

Cohen’s BEST 6:

Once again, counting corners, and considering the checkerboard restricts
the possibilities sufficiently to allow one to find the unique solution. Writ-
ing out all of the possibilities is a bit tedious. The solution is below.

Figure 78: The Best 6

Cohen’s BEST 7:

Finally, counting corners, and considering the checkerboard restricts the
possibilities sufficiently to allow one to find the unique solution. Label
the pieces in Figure 69 as follows:

P1 P2

P3 P4

P5 P6
P7

Since pieces P1 — P5 can each fill at most one corner, and P6 and P7
each fill two or zero, we see that P6 and P7 must each fill 2 corners. This
means that combined they fill 4 black cubes. Pieces P2 — P4 each fill
exactly two black cubes. Thus, P1 must fill three black cubes and P2
must fill exactly one. It follows that the corner of P2 must be black.

If P1 and P2 both fill a corner, then One of P6 or P7 must share a face
with P2. There are two ways this can happen up to symmetry. There are
then a number possible placements of P1 that fill a corner that must be

255



checked. None can be completed. It follows that P1 cannot fill a corner.
This will force it to fill the center cube. In fact, the unit cube in P1
that meets exactly two other unit cubes of P1 must be in the very center,
or there would be too many white cubes filled. This in turn forces each
of P3 — P5 to fill a corner with a unit cube that meets two other unit
cubes in the piece. There are still a number of possibilities to check, but
the number is low enough that a bit of experimentation will yield the
solution. Proving that there is only one solution still requires a tedious
check of possibilities.

The solution is below.

Figure 79: The Best 7

Mathematics Beneath & Beyond:

The SOMA cube and its variants are all generalized (into 3 dimensions) tiling
problems. There is a vast literature on the mathematics of tiling, [4]. There are
also lovely mathematical treatments of puzzles and games. The SOMA puzzle
and variants represent a small fraction of the puzzles addressed in [1]. Another
way to consider the problem of this type is via computational complexity. One
class of decision problems is the class NP. This stands for non deterministic
polynomial time. Roughly this means that there is a polynomial time algorithm
to check if some configuration is a solution. It is a major unsolved math problem
to determine if there is a polynomial time algorithm that can solve any given
decision problem of class NP. An important subclass of NP problems are the
NP complete problems. Any algorithm that will solve all instances of one NP
complete problem may be used to solve any problem in NP. Karp has a list
of NP complete problems, [6]. Computational complexity is discussed in the

context of puzzles and games in [5].

One particular example of an NP complete problem is the Ezact Cover Problem.
Given a set X and a collection of subsets of X, one asks if it is possible to select
some of the sets in the collection of subsets so that every element of X is in
exactly one. Any generalized grid tiling problem is an instance of an Exact
Cover Problem. This is easy to see. Let X be the set of all cells in the
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region to be tiled. (For example, X could be the unit cells in the 3 x 3 x 3
cube.) Now consider all subsets of X that could be covered by exactly one
tile. Knuth wrote an efficient program to solve Exact Cover problems [7]. It
may in particular be used to solve the grid dissection puzzles described in this
section. It is reasonable to conjecture that one could create a n x n x n grid
dissection puzzle representing any given size n Exact Cover problem. Doing so
would prove that grid dissection puzzles are NP complete.
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